The theory of neutral scalar field in interaction with a point source is studied exhaustive· ly in the light of the algebraic formulation of quantum field theory. Emphases are laid on observing again the case of an extended source from the present viewpoint, and exhibiting the equivalence of two definitions of the renormalized Hilbert space by GNS construction and by infinite tensor product. § 1. Introduction
Since its appearance in 1952, 1 h 2 l the theory of neutral scalar field in interaction with a fixed source has maintained the unique position as a prototype for quantum field theory. We have met this model many times in the textbooks on quantum field theory . 3 The Gh G2 and Ga cases have already been investigated in mathematically rigorous ways by Kato, Aoki and one of the present authors (N.M.) . 5 ),e),T) The Fock representation of the Hilbert space is no. longer possible if v E G4 but v ft. G3• In such a situation, the algebraic methods will be powerful in obtaining the correct formulation of quantum field theory. Up to the present the algebraic methods have been applied to this model only partly, 4 l,Bl and there is no synthetic description on the subject.
The aim of the present paper is to exhibit everything about the G4 case, to which the theory with a point source belongs. In particular, we shall reexamine the definition of the Hamiltonian in the G8 case 6 l in the light of the algebraic formulation, and clarify the interrelation between the C*-algebraic method and the method of infinite tensor product of Hilbert spaces. In view of recent briltl Present address: Department of Electrical Engineering, Kobe University, Kobe. liant successes m the constructive field theory initiated by Glimm and Jaffe, the algebraic formulation of the neutral scalar model seems rather trivial, but it will be still more worthwhile in many respects, particularly at the pedagog!cal level, to study exhaustively the structure of the modeL A renormalized Hilbert space is obtained in § 2 by the GNS construction with respect to a state which is defined as an inductive limit of states {E8 } on bounded measurable subsets B. It will be shown explicitly in § 3 that if v(k) js restricted to Ga the method of GNS construction gives the same results as in a previous work, 6 ' in which the Hamiltonian with v E G3 is defined by a graph limit of approximate Hamiltonians with v E G1• The following section is devoted to the remarks on asymptotic fields. Lastly it will be shown in §.5 that the renormalized Hilbert space constructed in § 2 is also obtained by means of incomplete infinite tensor product of Hilbert spaces. § 2. Renormalized Hamiltonian and Hilbert space
1 Cutoff Hamiltonian and dressing transformation
The total Hamiltonian of the neutral scalar field interacting with a fixed source is given formally by with
where H 0 is the free Hamiltonian and it is a densely defined self-adjoint operator in the Fock space 9!. a(k) and a* (k) are annihilation and creation operators of the boson normalized by the relation
The function [2w (k) ]11 2 v (k) represents the Fourier transform of the source function. It is known~'' 6 ' that so long as v(k) E G3 the total Hamiltonian H can be properly defined in some way or other as a selfcadjoint operator in the Fock space 9! and that there is a unitary operator V, called dressing transformation, such that VHo V-1 =H. The expression of the dressing transformation is 
in accordance with (2 · 2). Let us define*>
By (2 · 4), it satisfies the commutation relation
It is well known that Q(f) is an essentially self-adjoint operator in the Fock space c:f. 9 > Therefore we can define eiQ<fl as a unitary operator in c:I.
Let B be a family of all bounded measurable subsets of R 3 • B is a directed set by the inclusion order. For any BE B we define
where supp (f) means the support of the function f(k).
Definition. ~{(B)
is the uniformly closed operator algebra generated by the operators respectively. Moreover these *-isomorphisms {@B,B'} satisfy the following condition:
where the symbol o denotes the composition. Therefore we can construct a C*-algebra ~ which is the inductive limit of {~(B); BE B} defined by the family of *-isomorphisms {({)B,B'}, and it is known that the C*-algebra ~ is isomorphic to the uniform closure of
where g is the coupling constant.**> Evidently such a vB(k) belongs to G1• Correspondingly we define the operator
*>Note that Q(if)=[(f,a)-(a*,f)]/v""Z"i is the operator canonically conjugate to Q(f).
**> For simplicity we put g=l in what follows.
This operator serves as a dressing transformation for the Hamiltonian HB, which is obtained by substituting vB(k) for v(k) in the definition of H, (1·1). Needle:ss to say, the Hamiltonian (1·1) with v E G1 can be defined by the regular perturbation
and D(H) =D(H0).
It is easy to see that '
In addition, if B :J supp (f), then the right-hand side is independent of B, giving
(2 ·9)
Extending this result to the generated algebra, we obtain the following lemma.
Lemma 2. I Let A E 21(B'), then VB -lA VB E 21 (B') for any B and moreover
Let us define a state EB of the C* -algebra 21 (B) as follows:
where SJB= VB!Jo is the vacuum vector for HB and !20 the Fock vacuum.
Proposition 2. 2 If B' c B and A E ~~ (B'), then

EB(~B,B'(A)) =EB,(A).
Proof EB(~B,B'(A)) =EB(A) = (!28 , ASJB)
where we have used Lemma 2.1. Therefore we can define a state E of the C*-algebra 21 as an inductive limit of {EB; BE B} [see Sakai,t 0 l p. 74]. which is an element of 2l (B') and independent of B if B' C B. Therefore the statement of the proposition is true, because {eHJ<t>;fEV(B)} are generators of 2l (B') and e'tHB is a bounded operator.
It should be remarked here that this proposition is the counterpart of the so-called hyperbolicity in more complex models like (¢ 2 n)2 
E (t;t (A)) = EB (l;t;B (A)) = (!JB, e'tHBAe-itHB!JB)
in which we have used the fact that e-itHB!J8 = !JB. By continuity we have
E(t;t(A)) =E(A)
for all AE~l. 
Lemma 2. 5 E(C*I;t(A)) is a continuous function oft for all A, C E U ~(B).
4 Renormalized Hilbert space and Hamiltonian
Theorem 2. 6 There are a Hilbert space !JC, a *-representation 7r of ~{, a continuous one-parameter group of unitary operators U(t) and a cyclic vector !J E !JC, sue h that
Proof The existence of !JC, n and !J is the principal consequence of the GNS construction. 13 > By defining an operator U(t) by U(t)n(A)!J=n(l;t(A))!J, it follows from Lemma 2. 4 that U(t) can be extended to a unitary operator of !JC and satisfies the relations (2 ·11) and (2 ·12). The weak contiimity of U(t) on a dense subspace of !JC results immediately from Lemma 2. 5 
Lemma 3. 2 The restriction of V to CJ (B) yields a unitary transformation from CJ(B) to S!v(B).
Theorem 3. 4 A*-representation of 2{ realized by the GNS construction with respect to the state Ev is unitarily equivalent to the Fock representation.
By this theorem we identify the Fock space <;£ and the Hilbert space constructed by the GNS construction.
Let v(k) E G3 and vB(k) be a function with compact support such that vB(k) =v(k) on a bounded measurable subset B, so that vBEG1• In terms of this vB(k) we define again the unitary operator VB, (2·8), and the Hamiltonian HB. All the statements in the preceding section hold also for these entities and it is readily seen that the limit state E is equal to Ev, so that !J= !Jv.
Theorem 2. 6 tells us that there exists a self-adjoint operator H which is the generator of the one-parameter group of unitary operators U(t). We regard H as a self-adjoint operator in q by Theorem 3. 4. This inequality shows that e-itHB converges weakly to e-itH on a dense subspace, since IIQ-QB II tends to zero as B becomes large. The boundedness of the operators e-itHB assures the weak convergence on the whole space. Since e-itHB is a unitary operator, weak convergence implies strong convergence.
Remark The strong convergence of e-itHB to e-itH implies the strong convergence of the resolvent (HB-z )-1 to (H-z ) 
='It (l:'t (A)) Q= eitH'It (A) Q' l-tH= UBeitHBUB-1 on .3-C(B).
By differentiating this equation at t = 0, we get
H= UBHBUB-1 on .3-C(B).
Corollary 4. 2 There exists a unitary transformation TB from g (B) to .3-C(B) such that H=TBHoTB-1 on .3-C(B).
Proof There is a unitary transformation VB such that VBHo vB-1 = HB and Lemma 3. 2 states that VB is a unitary transformation from 9! (B) to 9!vB(B). TB= UB VB is the desired operator.
2 Asymptotic observables
Let 1;;' 1°( A) =eitH•Ae-uH, for AE~L It is a one-parameter automorphism group of fu:. Define ~~(A) = 1:'-t (I:'/ (A)). We are interested in the limit of ~~(A) as
Thus we have proved that F(r) EV(m, oo), and accordingly the integral tends to zero as t goes to infinity by Riemann-Lebesgue Theorem. Therefore
In this way we arrive at if fEV(B). Now it is easy to ascertain that the total of 9! (B1) 0.9! (B2) can be expressed by that of 9! (B1 U B 2) and vice versa, and this is sufficient for us to state 9! (B1) 0.r:F (B2) = r:F (B1 U B2). In fact the equality ( ~! ~ rPa(l)0···0r/Ja(n)) )0.(~! ~ I/Ja(1)0···01/Ja(m)) 
